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Abstract
The dynamics of gaseous stars is often described by magnetic fields coupled to self-gravitation and
radiation effects. In this paper we consider an initial–boundary value problem for nonlinear planar magne-
tohydrodynamics (MHD) in the case that the effect of self-gravitation as well as the influence of radiation
on the dynamics at high temperature regimes are taken into account. Based on the fundamental local exis-
tence results and global-in-time a priori estimates, we establish the global existence of a unique classical
solution with large initial data to the initial–boundary value problem under quite general assumptions on
the heat conductivity.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
Recently, considerable attention has been given to study the effects of thermal radiation
because the radiation field significantly affects the dynamics of fluids. The radiation energy asso-
ciated with Planck distribution varies as the fourth power of the temperature, and the importance
of the thermal radiation increases as the temperature is raised. At moderate temperature the role
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1854 J. Zhang, F. Xie / J. Differential Equations 245 (2008) 1853–1882of radiation is primarily one of the transposing energy by radiative processes. At high tempera-
ture the energy and momentum densities of radiation field may become comparable to or even
dominate the corresponding fluid quantities. Hydrodynamics with explicit account of radiation
energy and momentum contribution constitutes the character of radiation hydrodynamics. Such
consideration finds their practical applications in the understanding of certain re-entry of space
vehicles, astrophysical phenomena and nuclear fusion. For more details, we refer the readers to
Refs. [1,21] and among others.
As it is well known that in many astrophysical models stars may be viewed as compress-
ible fluids (cf. [25,30]) and their dynamics is very often shaped and controlled by intense
magnetic fields coupled to self-gravitation and high temperature radiation effects (see, for exam-
ple, [7,9,12]). To study the interaction between matter and radiation in the evolution of gaseous
stars, Ducomet and Feireisl [11] recently considered the following mathematical model derived
from the classical principles of continuum mechanics and electrodynamics:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
ρt + div(ρu) = 0, x ∈ R3, t ∈ R+,
(ρu)t + div(ρu ⊗ u) + ∇p = divS + ρ∇Ψ + (∇ × B) × B,
B t − ∇ × (u × B) = −∇ × (ν∇ × B), divB = 0,(
ρe + 1
2
ρ|u|2 + 1
2
|B|2
)
t
+ div
((
ρe + 1
2
ρ|u|2 + p
)
u
)
+ divq
= div((u × B) × B + νB × (∇ × B) + Su)+ ρ∇Ψ · u.
(1.1)
Here, ρ denotes the density, u ∈ R3 the velocity, B ∈ R3 the magnetic field, θ the temperature,
respectively; ν > 0 is the magnetic diffusivity acting as the magnetic diffusion coefficient of the
magnetic field.
The symbol S stands for the viscous stress tensor:
S = λ′(divu)I + μ(∇u + (∇u)),
where λ′ and μ are the viscosity coefficients of the flow satisfying λ′ + 2μ > 0, (∇u) is the
transpose of the matrix ∇u, and I is the 3 × 3 identity matrix.
The gravitational force is given by ρ∇Ψ , where the potential Ψ obeys Poisson’s equation:
−Ψ = Gρ
with G > 0 being the Newtonian gravitational constant.
The pressure p = p(ρ, θ) and the internal energy e = e(ρ, θ) satisfy the equations of state:
p(ρ, θ) = pF (ρ, θ) + pR(θ), e(ρ, θ) = eF (ρ, θ) + eR(ρ, θ). (1.2)
Here, the radiation pressure pR(θ) is assumed to be at thermal equilibrium with the fluid and
related to the absolute temperature θ through the Stefan–Boltzmann law (see [12,21]):
pR(θ) = a θ4 (1.3)3
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eR(ρ, θ) = a
ρ
θ4 (1.4)
with a > 0 the Stefan–Boltzmann constant.
The heat flux q obeys Fourier’s law:
q = qF + qR = −
(
κF + κRθ3
)∇θ := −κ∇θ,
where qR = −κRθ3∇θ is the radiation heat flux (see [2,21]) and κ := κF + κRθ3 acts as the total
heat-conductivity.
The global existence of large solutions for the multidimensional systems arising from fluid
dynamics is one of the most challenging problems of the modern theory of partial differential
equations. It is not known whether a classical (smooth) solution of the system (1.1) with large ini-
tial data exists on an arbitrary time interval (0, T ) or not. Such a question remains open even for
the “much simpler” system of the three-dimensional Navier–Stokes equations describing the mo-
tion of an incompressible fluid in three space dimensions because of the lack of suitable a priori
estimates. Based on the concept of variational (weak) solutions in the spirit of Leray’s pioneering
work [20], Ducomet and Feireisl [11] made use of the techniques similar to those in [10,13,14]
and proved the existence of global-in-time solutions of system (1.1) supplemented with arbitrar-
ily large initial data and conservative boundary conditions on a bounded spatial domain in R3,
provided that pF , eF satisfy some physical principles and all the transport coefficients λ′, μ, ν,
κF satisfy certain (1 + θα)-growth conditions for any α ∈ [1,65/27).
As in [5,28], in this paper we consider a three-dimensional flow with spatial variables
x = (x, y, z) which is moving only in the x-direction and uniform in the transverse direc-
tion (y, z). Thus,
ρ = ρ(x, t), θ = θ(x, t), Ψ = ψ(x, t),
u = (u,w)(x, t), B = (b,b)(x, t), (1.5)
where u and b are the longitudinal velocity and longitudinal magnetic field, respectively;
w = (w1,w2) and b = (b1, b2) are the transverse velocity and transverse magnetic filed, re-
spectively.
With this special motion (1.5), the equations in (1.1) are reduced to the following system for
the plane magnetohydrodynamic flows with constant longitudinal magnetic field b = 1 (without
loss of generality) and λ = λ′ + 2μ > 0:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
ρt + (ρu)x = 0,
(ρu)t +
(
ρu2 + p + 1
2
|b|2
)
x
= (λux)x + ρψx,
(ρw)t + (ρuw − b)x = (μwx)x,
bt + (ub − w)x = (νbx)x,
Et +
(
u
(
E + p + 1 |b|2
)
− w · b
)
+ qx = (λuux + μw · wx + νb · bx)x + ρψxu,
(1.6)2 x
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the transverse velocity, b = (b1, b2) ∈ R2 the transverse magnetic field, and θ the temperature;
the total pressure p = p(ρ, θ) and the internal energy e = e(ρ, θ) are given by (1.2)–(1.4); the
gravitational force is represented by ρψx , where the function ψ is determined by the boundary
value problem:
{−ψxx = Gρ, (x, t) ∈ Ω × (0, T ),
ψ |∂Ω = 0, (1.7)
with Ω ⊂ R a bounded domain; the total energy E is given by
E = ρ
(
e + 1
2
(
u2 + |w|2))+ 1
2
|b|2, (1.8)
where ρ(u2 + |w|2)/2 is the kinetic energy and |b|2/2 is the magnetic energy; the heat flux q
takes the form
q = qF + qR = −κθx, (1.9)
where κ = κ(ρ, θ) is the heat-conductivity coefficient satisfying certain growth conditions below.
In agreement with the classical Boyle’s law that applies in the non-degenerate area of high
temperatures and low densities, we may assume that pF and eF are of the forms
pF (ρ, θ) = Rρθ, eF (ρ, θ) = CV θ,
where R > 0 is the perfect gas constant and CV > 0 is the specific heat at constant volume,
respectively. Therefore, combing (1.3) and (1.4), we see that
p(ρ, θ) = Rρθ + a
3
θ4, e(ρ, θ) = CV θ + a
ρ
θ4. (1.10)
We shall consider the initial–boundary value problem of system (1.6) in a bounded spatial
domain Ω = (0,1) (without loss of generality) with the following initial–boundary conditions:
{
(ρ,u,w,b, θ)|t=0 = (ρ0, u0,w0,b0, θ0)(x),
(u,w,b, θx)|x=0 = (u,w,b, θx)|x=1 = 0, (1.11)
where the initial data satisfy certain compatibility conditions as usual. Note that, the boundary
conditions in (1.11)2 imply that the boundary is non-slip, impermeable, and thermally insulated.
One-dimensional problems for compressible fluids have been extensively studied under vari-
ous conditions by a number of authors, see, for example, [4,8,15–17,22,24,26] and the references
cited therein. Umehara and Tani [27] proved the global existence of a unique classical solution to
a free-boundary value problem of the one-dimensional system for self-gravitating viscous radia-
tive and reactive gases without the effect of magnetic field b. Chen and Wang [5] and Wang [28]
considered a 1-D model problem for plane magnetohydrodynamic flows, where the effect of
self-gravitation and the influence of high temperature radiation were not taken into account (i.e.,
G = a = 0 in (1.6)). However, the problem considered in the present paper seems more rational
and physically valid in many astrophysical models, since the magnetic field is often thought to
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(cf. [3,9]), and the dynamics of stars is dominated by intense magnetic fields, self-gravitation,
and high temperature radiation as well (cf. [7,25]). We also note that similar models in ideal
MHD were considered for specially physical interests by Ojha and Singh [23] where the effects
of radiation and magnetic field were discussed in the cases of plane, cylindrical and spherical
flows.
We shall prove the global existence of a unique classical solution of system (1.6), (1.7) with
initial–boundary conditions (1.11). For the sake of simplicity, we assume that the viscosity coef-
ficients λ, μ and the magnetic diffusivity ν are constants, and assume that the heat conductivity
κ = κ(ρ, θ) is strictly positive, continuously differentiable on R+ × R+.
Our main result in the present paper now reads as follows.
Theorem 1.1. Assume that the total pressure p = p(ρ, θ) and the internal energy e = e(ρ, θ)
are given by (1.10), and the heat conductivity κ = κ(ρ, θ) satisfies the growth condition
κ1
(
1 + θq) κ(ρ, θ), ∣∣κρ(ρ, θ)∣∣ κ2(1 + θq) for any q > 5/2 (1.12)
with positive constants κ1  κ2. Assume also that the initial data (ρ0, u0,w0,b0, θ0) satisfies the
compatibility conditions and for some α ∈ (0,1),
(ρ0, u0,w0,b0, θ0) ∈ C1+α(Ω) ×
(
C2+α(Ω)
)6
,
and there exists a constant C0 > 0 such that for any x ∈ (0,1),
C−10  ρ0(x), θ0(x) C0.
Then there exists a unique classical solution (ρ,u,w,b, θ) of the initial–boundary value prob-
lem (1.6), (1.11) such that for any T > 0 and QT := Ω × (0, T ),
ρ(x, t) > 0 and θ(x, t) > 0 for any (x, t) ∈ QT ,
(ρ,ρx, ρt ) ∈
(
C
α,α/2
x,t (QT )
)3
, (u,w,b, θ) ∈ (C2+α,1+α/2x,t (QT ))6,
and ψ  0 satisfying ψxx ∈ C1+α,1+α/2x,t (QT ) is determined by the boundary value problem (1.7).
The existence of global-in-time solutions will be proved by extending the local solutions with
respect to time based on the global a priori estimates. The existence and uniqueness of the local
solution to the initial–boundary value problem (1.6), (1.7) and (1.11) on a small time interval
can be proved in the standard method based on the Banach theorem. Note that ψ can be solved
from (1.7) in terms of ρ. We omit the details of local existence here. To prove the global existence,
it is thus sufficient to establish the global a priori estimates for the solutions. The main difficulty
is caused by the high temperature radiation appearing in (1.6)2 and (1.6)5, which make the upper
bound for θ become more complicated than that in those works mentioned above. This will be
done in Section 2 by careful analysis of the quantities (ρ,u,w,b, θ).
The results for the problem (1.6), (1.7), (1.11) stated in Theorem 1.1 in Eulerian coordinates
can be easily converted to the equivalent statements for the corresponding initial–boundary prob-
lem in Lagrangian coordinates. The details are omitted.
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for many important physical regimes where the temperature is high and changes rapidly, see, for
example, [6,29] and the references cited therein.
Remark 1.2. Theorem 1.1 can be viewed as the extension of the results in [5,27,28]. The main
difference between our result and those in [27] and [5,28] lies in the following twofold.
• In [27], the authors dealt with a free-boundary value problem for radiative and reactive gases
with the same state equations (1.10), but required that the heat conductivity κ(ρ, θ) satisfies
κ
(
1 + θq) κ(ρ, θ) κ(1 + θq) with 4 q  16,
which did not cover the most physically interesting radiation case q = 3. Moreover, to
show the boundedness of temperature θ , they also assumed that |(κρ, κρρ)|  Cθ (see [27,
Lemma 9]) which seems unreasonable.
• In [5,28], the authors did not consider the influence of gravitation and radiation. For tech-
nical reasons, they assumed that the equations of state p(v, θ) and e(v, θ) (in Lagrangian
coordinates with v being the specific volume) satisfy the following growth conditions with
exponent r ∈ [0,1] and q  2(1 + r) such that
0 vp(v, θ) p0
(
1 + θ1+r), κ(v, θ) κ0(1 + θq), eθ (v, θ) e0(1 + θr),
which also obviously exclude the radiation case considered in the present paper.
Throughout this paper we denote by Cm+α(Ω) and C2m+α,m+α/2(QT ) with m ∈ Z+,
0 < α < 1 the standard Hölder spaces, and denote by Wm,p(Ω) (W 0,p(Ω) ≡ Lp(Ω),
Wm,2(Ω) ≡ Hm(Ω)) with 1  p ∈ R, m ∈ Z+ the usual Sobolev space. For simplicity, we
also use the following abbreviations:
‖ · ‖Hm := ‖ · ‖Hm(Ω), ‖ · ‖Lp := ‖ · ‖Lp(Ω), ‖ · ‖Lp(0,T ;Hm) := ‖ · ‖Lp(0,T ;Hm(Ω)).
The same letter C denotes the various generic positive constants, which may depend on T .
2. A priori estimates
In order to establish the global existence of solution, we need some a priori estimates for
the solution and its derivatives on (0,1) × (0, T ) for any fixed T > 0, which will be derived by
detailed analysis of the equations. As was mentioned in the previous section, the main difficulty,
caused by the effect of high temperature radiation in momentum and energy equations, lies in
showing the global uniform upper bound for θ which plays an important role in the derivation of
a priori estimates on the second derivatives of the quantities (u,w,b, θ).
To begin with, we firstly observe that the total mass is conserved, namely,
m(t) :=
1∫
ρ(x, t) dx =
1∫
ρ0(x) dx := m0 > 0. (2.1)0 0
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d
dt
1∫
0
(
ρ
(
e + 1
2
(
u2 + |w|2))+ 1
2
|b|2
)
(x, t) dx −
1∫
0
ρuψx(x, t) dx = 0,
where the second term on the left-hand side can be rewritten as follows, using (1.7) and (1.6)1:
−
1∫
0
ρuψx dx =
1∫
0
(ρu)xψ dx = −
1∫
0
ρtψ dx = 1
G
1∫
0
ψxxtψ dx
= − 1
G
1∫
0
ψxtψx dx = − 12G
d
dt
1∫
0
ψ2x dx = −
1
2
d
dt
1∫
0
ρψ dx,
and hence
d
dt
1∫
0
(
ρ
(
e + 1
2
(
u2 + |w|2))+ 1
2
|b|2 − 1
2
ρψ
)
(x, t) dx = 0.
Integrating the above identity with respect to t , we arrive at
E(t) :=
1∫
0
(
ρ
(
e + 1
2
(
u2 + |w|2))+ 1
2
|b|2 − 1
2
ρψ
)
(x, t) dx
=
1∫
0
(
ρ
(
e + 1
2
(
u2 + |w|2))+ 1
2
|b|2 − 1
2
ρψ
)
(x,0) dx := E0, (2.2)
which implies that the total energy is conserved. To obtain more information from the energy
identity (2.2), we need to give some estimates on ψ . Indeed, using the maximum principle,
we easily see that ψ(x, t)  0 for any (x, t) ∈ QT . Furthermore, multiplying (1.7)1 by ψ and
integrating over (0,1), we have by (2.1) that for any  > 0,
1∫
0
ψ2x dx = G
1∫
0
ρψ dx G max
x∈(0,1)
ψ ·
1∫
0
ρ dx  C
1∫
0
|ψx |dx  
1∫
0
ψ2x dx + C−1,
which immediately yields
sup
t∈(0,T )
1∫
ψ2x (x, t) dx  C and 0ψ(x, t) C for any (x, t) ∈ QT . (2.3)0
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1∫
0
(
ρ
(
θ + u2 + |w|2)+ θ4 + |b|2)dx  C
1∫
0
(
ρ
(
e + 1
2
(
u2 + |w|2))+ 1
2
|b|2
)
dx  C. (2.4)
On the other hand, if we rewrite (1.6)5 as
CV (ρθ)t + CV (ρuθ)x +
(
aθ4
)
t
+ (auθ4)
x
+
(
Rρθ + a
3
θ4
)
ux
= (κθx)x +
(
λu2x + μ|wx |2 + ν|bx |2
)
, (2.5)
and then multiply (2.5) by θ−1, we find
CV (ρ ln θ)t + CV (ρu ln θ)x + 43a
(
θ3
)
t
+ 4
3
a
(
uθ3
)
x
+ Rρux
=
(
κθx
θ
)
x
+ κθ
2
x
θ2
+ λu
2
x + μ|wx |2 + ν|bx |2
θ
,
which, integrated over (0,1) × (0, t), gives
1∫
0
ρ
(
lnρ + | ln θ |)(x, t) dx +
t∫
0
1∫
0
(
κθ2x
θ2
+ λu
2
x + μ|wx |2 + ν|bx |2
θ
)
dx ds  C, (2.6)
where we have used (1.6)1 and (2.4).
Therefore, summing up the estimates given by (2.1), (2.3), (2.4) and (2.6), we arrive at the
first lemma which reads as follows.
Lemma 2.1. For any t ∈ (0, T ), we have
m(t) :=
1∫
0
ρ(x, t) dx =
1∫
0
ρ0(x) dx := m0 > 0,
1∫
0
(
ρ
(
θ + u2 + |w|2)+ θ4 + |b|2)(x, t) dx C,
1∫
0
ρ
(
lnρ + | ln θ |)(x, t) dx +
t∫
0
1∫
0
(
κθ2x
θ2
+ λu
2
x + μ|wx |2 + ν|bx |2
θ
)
dx ds C,
1∫
0
ψ2x (x, t) dx  C and 0ψ(x, t) C for any (x, t) ∈ (0,1) × (0, T ).
The next lemma gives us the upper and lower bounds of the density ρ, which is crucial for the
proof of Theorem 1.1. For the proof, we modify the techniques used in [5,17,28].
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C−1  ρ(x, t)C for any (x, t) ∈ (0,1) × (0, T ).
Proof. Notice that (1.6)2 can be rewritten as, using (1.7)1,
(ρu)t =
(
λux − ρu2 − p − 12 |b|
2 − 1
2G
ψ2x
)
x
,
where p(ρ, θ) = Rρθ + aθ4/3 and ψ is determined by (1.7). Defining
Φ(x, t) :=
t∫
0
(
λux − ρu2 − p − 12 |b|
2 − 1
2G
ψ2x
)
(x, s) ds +
x∫
0
ρ0u0(ξ) dξ,
then Φ := Φ(x, t) satisfies
Φx = ρu, Φt = λux − ρu2 − p − 12 |b|
2 − 1
2G
ψ2x .
By Lemma 2.1, the boundary conditions (1.11)2 and Cauchy–Schwarz inequality, we see that
sup
t∈(0,T )
1∫
0
∣∣Φx(x, t)∣∣dx  C, sup
t∈(0,T )
∣∣∣∣∣
1∫
0
Φ(x, t) dx
∣∣∣∣∣ C,
which immediately implies that
∣∣Φ(x, t)∣∣ C for any (x, t) ∈ (0,1) × (0, T ). (2.7)
Letting Dt := ∂t +u∂x denote the material derivative and choosing F = exp{Φ/λ}, we obtain
after a straightforward calculation that
Dt(ρF) := ∂t (ρF ) + u∂x(ρF ) = −1
λ
(
p + 1
2
|b|2 + 1
2G
ψ2x
)
ρF  0,
which, together with (2.7), gives an upper bound of the density ρ.
On the other hand, by direct computation we have
Dt
(
1
ρF
)
= 1
ρF
p + |b|2/2 + ψ2x /(2G)
λ
= 1
ρF
( |b|2
2λ
+ ψ
2
x
2λG
+ aθ
4
3λ
)
+ R
λF
θ,
from which it follows that for any t ∈ (0, T ),
∥∥∥∥ 1ρF
∥∥∥∥
L∞

(∥∥∥∥ 1ρ0F0
∥∥∥∥
L∞
+
T∫ ∥∥∥∥RθλF
∥∥∥∥
L∞
dt
)
0
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{
1
λ
T∫
0
(
1
2
‖b‖2L∞ +
1
2G
‖ψx‖2L∞ +
a
3
‖θ‖4L∞
)
dt
}
. (2.8)
To obtain the lower bound of density ρ, we now have to bound the terms on the right-hand
side of (2.8). Firstly, by using the mean value theorem and Lemma 2.1 we find that there exists
an x∗ ∈ (0,1) such that
θ(x∗, t) =
1∫
0
θ(x, t) dx  C,
which, combined with (2.4) and the growth condition (1.12) on κ , yields that for any x ∈ (0,1),
θ(q+4)/2(x, t) = θ(q+4)/2(x∗, t) + q + 4
2
x∫
x∗
θ(q+2)/2θx(ξ, t) dξ
 C
[
1 +
( 1∫
0
θq+4
κ
dx
)1/2( 1∫
0
κθ2x
θ2
dx
)1/2]
 C
[
1 +
( 1∫
0
θ4 dx
)1/2( 1∫
0
κθ2x
θ2
dx
)1/2]
 C
[
1 +
( 1∫
0
κθ2x
θ2
dx
)1/2]
,
from which and Lemma 2.1, we deduce that
T∫
0
∥∥θ(t)∥∥q+4
L∞ dt  C, (2.9)
which in particular implies
T∫
0
∥∥θ(t)∥∥
L∞ dt  C and
T∫
0
∥∥θ(t)∥∥4
L∞ dt  C. (2.10)
Next, it follows from Lemma 2.1 and Cauchy–Schwarz inequality that
∣∣b(x, t)∣∣2 = 2
x∫
0
b · bx(ξ, t) dξ  2
1∫
0
|b||bx |dx  2
1∫
0
|b| |bx |√
θ
√
θ dx
 2
∥∥θ(t)∥∥1/2
L∞
( 1∫
‖b‖2 dx
)1/2( 1∫ |bx |2
θ
dx
)1/2
 C
∥∥θ(t)∥∥1/2
L∞
( 1∫ |bx |2
θ
dx
)1/2
,0 0 0
J. Zhang, F. Xie / J. Differential Equations 245 (2008) 1853–1882 1863which, combined with Lemma 2.1 and (2.10), gives
T∫
0
∥∥b(t)∥∥2
L∞ dt C. (2.11)
Finally, multiplying (1.7)1 by ψxx and integrating over (0,1), one has
1∫
0
ψ2xx dx = −G
1∫
0
ρψxx dx 
1
2
1∫
0
ψ2xx dx +
G2
2
1∫
0
ρ2 dx,
and thereby, using (2.3) and the fact that ρ is bounded, we have for any t ∈ (0, T ),
∥∥ψxx(t)∥∥2L2  C, ∥∥ψx(t)∥∥2L∞  C
( 1∫
0
ψ2x dx +
1∫
0
ψ2xx dx
)
 C. (2.12)
Hence, recalling the definitions of F and Φ , we conclude from (2.10)–(2.12) and (2.8) that
1/ρ  C, i.e., ρ  C−1 for any (x, t) ∈ QT . This proves Lemma 2.2. 
As a consequence of Lemmas 2.1 and 2.2, we have
Lemma 2.3.
T∫
0
1∫
0
(
u2x + |wx |2 + |bx |2
)
dx dt C.
Proof. Integrating (2.5) over (0,1) × (0, T ) and using Cauchy–Schwarz inequality, one obtains
T∫
0
1∫
0
(
u2x + |wx |2 + |bx |2
)
dx dt  C
[
1 +
T∫
0
1∫
0
(
θ + θ4)2 dx dt
]
 C
[
1 +
T∫
0
∥∥θ(t)∥∥4
L∞
1∫
0
θ4 dx dt
]
 C,
where Lemmas 2.1–2.2 and (2.10) were also used. 
In the next lemma, we give the estimate on the first derivative of density ρ.
Lemma 2.4. For any t ∈ (0, T ), there holds
1∫
0
ρ2x(x, t) dx +
t∫
0
1∫
0
θρ2x(x, s) dx ds  C.
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ρ
(
λ
ρ2
ρx + u
)]
t
+
[
ρu
(
λ
ρ2
ρx + u
)]
x
= −
(
p + 1
2
|b|2
)
x
+ ρψx.
Multiplying this by (λρ−2ρx + u) and integrating the resulting equation over (0,1) to get
1
2
d
dt
1∫
0
ρ
(
λ
ρ2
ρx + u
)2
dx +
1∫
0
λR
ρ2
θρ2x dx
= −
1∫
0
Ruθρx dx −
1∫
0
[(
Rρ + 4
3
aθ3
)
θx + b · bx − ρψx
](
λ
ρ2
ρx + u
)
dx, (2.13)
where the right-hand side can be estimated as follows, using Lemmas 2.1 and 2.2, (1.12), (2.12)
and Cauchy–Schwarz inequality:
∣∣∣∣∣
1∫
0
Ruθρx dx
∣∣∣∣∣ 
1∫
0
θρ2x dx + C−1
∥∥θ(t)∥∥
L∞
1∫
0
ρu2 dx  
1∫
0
θρ2x dx + C−1
∥∥θ(t)∥∥
L∞
and
∣∣∣∣∣
1∫
0
[(
Rρ + 4
3
aθ3
)
θx + b · bx − ρψx
](
λ
ρ2
ρx + u
)
dx
∣∣∣∣∣
 C
[
1 +
1∫
0
(
κθ2x
θ2
+ |bx |2
)
dx +
1∫
0
(
1 + |b|2 + θ
2(1 + θ3)2
κ
)(
λ
ρ2
ρx + u
)2
dx
]
 C
[
1 +
1∫
0
(
κθ2x
θ2
+ |bx |2
)
dx + (1 + ∥∥b(t)∥∥2
L∞ +
∥∥θ(t)∥∥q+4
L∞
) ·
1∫
0
ρ
(
λ
ρ2
ρx + u
)2
dx
]
.
In view of (2.9) and (2.11), we have
t∫
0
(∥∥θ(t)∥∥
L∞ +
∥∥b(t)∥∥2
L∞ +
∥∥θ(t)∥∥q+4
L∞
)
ds  C,
and hence, substituting the estimates established above into (2.13) and taking  sufficiently small,
we obtain Lemma 2.4 by applying Gronwall’s lemma and Lemmas 2.1–2.3. 
In the next lemmas, we give the a priori estimates concerning on the first and second deriva-
tives of the velocity (u,w) and the magnetic field b. We first prove the following lemma.
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sup
t∈(0,T )
1∫
0
(|w|4 + |b|4)(x, t) dx +
T∫
0
1∫
0
(|w|2|wx |2 + |b|2|bx |2)(x, t) dx ds  C,
sup
t∈(0,T )
1∫
0
u4(x, t) dx +
T∫
0
1∫
0
u2u2x(x, t) dx dt  C
(
1 + max
t∈(0,T )
∥∥θ(t)∥∥4
L∞
)
.
Proof. If we multiply (1.6)3, (1.6)4 by 4|w|2w, 4|b|2b respectively, integrate the resulting equa-
tions over (0,1), and then sum them up, by virtue of Cauchy–Schwarz inequality and Lemma 2.2
we obtain
d
dt
1∫
0
(
ρ|w|4 + |b|4)dx + 12
1∫
0
(
μ|w|2|wx |2 + ν|b|2|bx |2
)
dx
= 12
1∫
0
(
u|b|2b · bx − |b|2bx · w − |w|2wx · b
)
dx
 
1∫
0
(|b|2|bx |2 + |w|2|wx |2)dx + C−1
1∫
0
(
u2|b|4 + |w|2|b|2)dx
 
1∫
0
(|b|2|bx |2 + |w|2|wx |2)dx + C−1(1 + ∥∥u(t)∥∥2L∞)
1∫
0
(
ρ|w|4 + |b|4)dx
 
1∫
0
(|b|2|bx |2 + |w|2|wx |2)dx + C−1
(
1 +
1∫
0
u2x dx
) 1∫
0
(
ρ|w|4 + |b|4)dx,
where we have also used Sobolev inequality ‖u(t)‖2L∞  ‖ux(t)‖2L2 in the last inequality. Since
‖ux(t)‖2L2 ∈ L1(0, T ) due to Lemma 2.3, taking  appropriately small and applying Gronwall’s
lemma, we complete the proof of the first part by taking Lemma 2.2 into account.
Similarly, multiplying (1.6)2 by 4u3 and integrating by parts over (0,1) × (0, t) to get
1∫
0
ρu4 dx + 12
t∫
0
1∫
0
λu2u2x dx ds
=
1∫
ρ0u
4
0(x) dx +
t∫ 1∫ [
12
(
p + 1
2
|b|2
)
u2ux + 4ρψxu3
]
dx ds, (2.14)0 0 0
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Sobolev inequality and Lemmas 2.1–2.3, one has
∣∣∣∣∣
t∫
0
1∫
0
ρψxu
3 dx ds
∣∣∣∣∣ C
t∫
0
∥∥u(s)∥∥2
L∞
1∫
0
|u|dx ds
 C sup
t∈(0,T )
( 1∫
0
u2 dx
)1/2 t∫
0
1∫
0
u2x dx ds  C.
On the other hand, since ‖(b, θ)‖L∞(0,T ;L4)  C, recalling the definition of the total pressure p
and using Lemmas 2.2–2.3 again, we find
∣∣∣∣∣
t∫
0
1∫
0
(
p + |b|
2
2
)
u2ux dx ds
∣∣∣∣∣ 
t∫
0
1∫
0
u2u2x dx ds + C−1
t∫
0
∥∥u(t)∥∥2
L∞
1∫
0
(
p2 + |b|4)dx ds
 
t∫
0
1∫
0
u2u2x dx ds + C−1
(
1 + max
t∈(0,T )
∥∥θ(t)∥∥4
L∞ ·
1∫
0
θ4 dx
)
 
t∫
0
1∫
0
u2u2x dx ds + C−1
(
1 + max
t∈(0,T )
∥∥θ(t)∥∥4
L∞
)
.
Thus, we obtain the second part of this lemma from (2.14) by taking  sufficiently small. 
Lemma 2.6.
sup
t∈(0,T )
1∫
0
∣∣(wx,bx)(x, t)∣∣2 dx +
T∫
0
1∫
0
∣∣(wt ,wxx,bt ,bxx)(x, t)∣∣2 dx dt  C,
sup
t∈(0,T )
1∫
0
u2x(x, t) dx +
T∫
0
1∫
0
(
u2t + u2xx
)
dx dt  C
(
1 + max
t∈(0,T )
∥∥θ(t)∥∥γ1
L∞
)
,
where γ1 = max{4, (8−q)+}. Here and in what follows, N+ denotes the non-negative part of N ,
i.e., N+ = max{0,N}.
Proof. From (1.6)3 and (1.6)4 it is easy to see that
ρ|wt |2 + μ
2
ρ
|wxx |2 − 2μwt · wxx = ρ−1(ρuwx − bx)2,
|bt |2 + ν2|bxx |2 − 2νbt · bxx = (ubx + uxb − wx)2,
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μ
d
dt
1∫
0
|wx |2 dx +
1∫
0
(
ρ|wt |2 + μ
2
ρ
|wxx |2
)
dx
 C
1∫
0
(
u2|wx |2 + |bx |2
)
dx  C
[∥∥u(t)∥∥2
L∞
1∫
0
|wx |2 dx +
1∫
0
|bx |2 dx
]
 C
[ 1∫
0
u2x dx ·
1∫
0
|wx |2 dx +
1∫
0
|bx |2 dx
]
,
ν
d
dt
1∫
0
|bx |2 dx +
1∫
0
(|bt |2 + ν2|bxx |2)dx

1∫
0
(
u2|bx |2 + u2x |b|2 + |wx |2
)
dx
C
[∥∥u(t)∥∥2
L∞
1∫
0
|bx |2 dx +
∥∥b(t)∥∥2
L∞
1∫
0
u2x dx +
1∫
0
|wx |2 dx
]
C
[ 1∫
0
u2x dx ·
1∫
0
|bx |2 dx +
1∫
0
|wx |2 dx
]
,
where we have used Lemma 2.2 and Sobolev inequality. Since ‖(ux,wx,bx)(t)‖2L2 ∈ L1(0, T )
due to Lemma 2.3, one obtains the first part of the lemma by applying Gronwall’s lemma.
Noting that the total pressure p(ρ, θ) = Rρθ + aθ4/3, one infers from (1.6)2 that
ρu2t +
λ2
ρ
u2xx − 2λutuxx = ρ−1
(
ρuux + Rρxθ + Rρθx + 43aθ
3θx + b · bx − ρψx
)2
,
which, together with Lemmas 2.1–2.2, 2.4–2.5, (2.10) and (2.12), leads to
λ
1∫
0
u2x dx +
t∫
0
1∫
0
(
ρu2t +
λ2
ρ
u2xx
)
dx
C + C
t∫ 1∫ (
u2u2x + ρ2xθ2 + ρ2θ2x + θ6θ2x + |b|2|bx |2 + ρ2ψ2x
)
dx ds0 0
1868 J. Zhang, F. Xie / J. Differential Equations 245 (2008) 1853–1882 C
[
1 + max
t∈(0,T )
∥∥θ(t)∥∥4
L∞ +
t∫
0
∥∥θ(s)∥∥2
L∞
1∫
0
ρ2x dx ds +
t∫
0
1∫
0
θ2x dx ds
+ max
t∈(0,T )
∥∥θ(t)∥∥(8−q)+
L∞ ·
t∫
0
1∫
0
(
1 + θq−2)θ2x dx ds
]
 C
(
1 + max
t∈(0,T )
∥∥θ(t)∥∥4
L∞ + maxt∈(0,T )
∥∥θ(t)∥∥(8−q)+
L∞
)
.
Hence, the proof of the second part is complete. 
Because of the effect of high temperature radiation, the similar estimates for the longitudinal
velocity u as that for (w,b) indicated in Lemmas 2.5–2.6 becomes more complicated. In other
words, the main difficulty is caused by the radiative pressure pR = aθ4/3, so that, we have to
show the boundedness of θ which is achieved in the next lemma. Furthermore, as an immediate
consequence, we also obtain the boundedness of ‖θx‖L∞(0,T ;L2).
For simplicity, in what follows we denote by Θ := maxt∈(0,T ) ‖θ(t)‖L∞ = ‖θ‖L∞(0,T ;L∞).
Lemma 2.7. For any (x, t) ∈ (0,1) × (0, T ) we have θ(x, t) C, and
sup
t∈(0,T )
1∫
0
(
1 + θ2q)θ2x dx +
T∫
0
1∫
0
(
1 + θq+3)θ2t dx ds  C,
which together with Lemmas 2.5–2.6 implies
sup
t∈(0,T )
1∫
0
u4(x, t) dx +
T∫
0
1∫
0
u2u2x(x, t) dx dt  C
and
sup
t∈(0,T )
1∫
0
u2x(x, t) dx +
T∫
0
1∫
0
(
u2t + u2xx
)
(x, t) dx dt  C.
Proof. By the equations of state (1.10), (1.6)5 can be rewritten as
ρeθθt + ρueθθx + θpθux = (κθx)x + λu2x + μ|wx |2 + ν|bx |2, (2.15)
which, multiplied by κθt and integrated over (0,1) × (0, t), yields
t∫ 1∫
ρeθκθ
2
t dx ds +
t∫ 1∫
κθx(κθt )x dx ds0 0 0 0
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t∫
0
1∫
0
(
λu2x + μ|wx |2 + ν|bx |2 − ρueθθx − θpθux
)
κθt dx ds. (2.16)
Note that (1.6)1 also implies
(κθt )x = (κθx)t + κxθt − κt θx = (κθx)t + κρρxθt − κρρtθx
= (κθx)t + κρρxθt + κρθx(ρxu + ρux),
from which we can rewrite (2.16) as
R :=
t∫
0
1∫
0
ρeθκθ
2
t dx ds +
1
2
1∫
0
(κθx)
2 dx − 1
2
1∫
0
(κθx)
2 dx
∣∣∣
t=0
=
t∫
0
1∫
0
(
λu2x + μ|wx |2 + ν|bx |2 − ρueθθx − θpθux
)
κθt dx ds
−
t∫
0
1∫
0
κρκθx(ρxθt + ρuxθx + uρxθx) dx ds :=
5∑
i=1
Li. (2.17)
As for the terms on the left-hand side, recalling the fact that C−1  eθ (ρ, θ)/(1 + θ)3  C
(because of (1.10) and Lemma 2.2) and using Lemma 2.2 and (1.12), one has
R :=
t∫
0
1∫
0
ρκeθθ
2
t dx ds +
1
2
1∫
0
(κθx)
2 dx − 1
2
1∫
0
(κθx)
2 dx
∣∣∣
t=0
 C−1
( 1∫
0
(1 + θ)2qθ2x dx +
t∫
0
1∫
0
(1 + θ)q+3θ2t dx ds
)
− C.
To bound the right-hand side of (2.17), we firstly utilize Cauchy–Schwarz inequality and
Lemma 2.6 to deduce that
L1 :=
∣∣∣∣∣
t∫
0
1∫
0
(
λu2x + μ|wx |2 + ν|bx |2
)
κθt dx ds
∣∣∣∣∣
 
t∫
0
1∫
0
(1 + θ)q+3θ2t dx ds + C−1
t∫
0
1∫
0
(1 + θ)q−3(u4x + |wx |4 + |bx |4)dx ds
 
t∫ 1∫
(1 + θ)q+3θ2t dx ds + C−1
(
1 + Θ(q−3)+)
t∫ 1∫ (
u4x + |wx |4 + |bx |4
)
dx ds0 0 0 0
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t∫
0
1∫
0
(1 + θ)q+3θ2t dx ds + C−1
(
1 + Θ(q−3)+)
(
1 +
t∫
0
∥∥ux(s)∥∥2L∞
1∫
0
u2x dx ds
)
 
t∫
0
1∫
0
(1 + θ)q+3θ2t dx ds + C−1
(
1 + Θ(q−3)+)
(
1 + sup
t∈(0,T )
1∫
0
u2x dx
t∫
0
1∫
0
u2xx dx ds
)
 
t∫
0
1∫
0
(1 + θ)q+3θ2t dx ds + C−1
(
1 + Θ(q−3)++2γ1),
where we have also used Sobolev inequality to get that ‖ux(t)‖2L∞  ‖uxx(t)‖2L2 , and
T∫
0
1∫
0
∣∣(wx,bx)∣∣4 dx dt  C
(
1 +
T∫
0
∥∥(wx,bx)(t)∥∥2L∞
1∫
0
∣∣(wx,bx)∣∣2 dx dt
)
 C
(
1 +
T∫
0
∥∥(wxx,bxx)(t)∥∥2L2 dt
)
 C.
Secondly, using Cauchy–Schwarz inequality and Sobolev inequality again, one easily deduces
from Lemmas 2.1–2.3 and 2.6 that
L2 :=
∣∣∣∣∣
t∫
0
1∫
0
(ρueθθx + θpθux)κθt dx ds
∣∣∣∣∣
 
t∫
0
1∫
0
(1 + θ)q+3θ2t dx ds + C−1
t∫
0
1∫
0
(
(1 + θ)q+3u2θ2x + (1 + θ)q+5u2x
)
dx ds
 
t∫
0
1∫
0
(1 + θ)q+3θ2t dx ds + C−1 max
t∈(0,T )
∥∥u(t)∥∥2
L∞
t∫
0
1∫
0
θ2(1 + θ)q+3
κ
κθ2x
θ2
dx ds
+ C−1
(
1 + max
t∈(0,T )
∥∥θ(t)∥∥q+5
L∞
) t∫
0
1∫
0
u2x dx ds
 
t∫
0
1∫
0
(1 + θ)q+3θ2t dx ds + C−1
(
1 + Θγ1+5 + Θq+5).
Thirdly, in view of Lemma 2.4, (1.12), we have by Hölder and Cauchy–Schwarz inequalities that
J. Zhang, F. Xie / J. Differential Equations 245 (2008) 1853–1882 1871L3 :=
∣∣∣∣∣
t∫
0
1∫
0
κθxκρθtρx dx ds
∣∣∣∣∣
 C
t∫
0
max
x∈(0,1)
(
(1 + θ)(q−3)/2|κθx |
) ·
( 1∫
0
(1 + θ)q+3θ2t dx
)1/2( 1∫
0
ρ2x dx
)1/2
ds
 C
t∫
0
max
x∈(0,1)
(
(1 + θ)(q−3)/2|κθx |
) ·
( 1∫
0
(1 + θ)q+3θ2t dx
)1/2
ds
 
t∫
0
1∫
0
(1 + θ)q+3θ2t dx ds + C−1
t∫
0
max
x∈(0,1)
(
(1 + θ)q−3|κθx |2
)
ds.
In a similar manner, by Lemmas 2.6 and 2.1 we find
L4 :=
∣∣∣∣∣
t∫
0
1∫
0
ρκρκθ
2
x ux dx ds
∣∣∣∣∣
 C
t∫
0
max
x∈(0,1)
(
(1 + θ)(q−3)/2|κθx |
) ·
( 1∫
0
(1 + θ)q+3θ2x dx
)1/2( 1∫
0
u2x dx
)1/2
ds
 C
(
1 + Θγ1/2)
t∫
0
max
x∈(0,1)
(
(1 + θ)(q−3)/2|κθx |
) ·
( 1∫
0
(1 + θ)q+3θ2x dx
)1/2
ds
 C
(
1 + Θγ1/2)
[ t∫
0
max
x∈(0,1)
(
(1 + θ)(q−3)/2|κθx |2
)
ds
]1/2[ t∫
0
1∫
0
(1 + θ)q+3θ2x dx ds
]1/2
 C
(
1 + Θγ1)
t∫
0
1∫
0
(1 + θ)q+3θ2x dx ds + C
t∫
0
max
x∈(0,1)
(
(1 + θ)q−3|κθx |2
)
ds
 C
(
1 + Θγ1+5)+ C
t∫
0
max
x∈(0,1)
(
(1 + θ)q−3|κθx |2
)
ds.
Finally, by virtue of Lemmas 2.1, 2.4 and 2.6 one gets
L5 :=
∣∣∣∣∣
t∫ 1∫
κρuρxκθ
2
x dx ds
∣∣∣∣∣ C maxt∈(0,T )
∥∥u(t)∥∥
L∞
t∫ [
max
x∈(0,1)
(
(1 + θ)(q−3)/2|κθx |
)
0 0 0
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( 1∫
0
(1 + θ)q+3θ2x dx
)1/2( 1∫
0
ρ2x dx
)1/2]
ds
 C
(
1 + Θγ1+5)+ C
t∫
0
max
x∈(0,1)
(
(1 + θ)q−3|κθx |2
)
ds.
Putting the estimates of R and Li (i = 1, . . . ,5) into (2.17), and choosing  appropriately
small, we conclude that for any t ∈ (0, T ),
1∫
0
(1 + θ)2qθ2x dx +
t∫
0
1∫
0
(1 + θ)q+3θ2t dx ds
 C
t∫
0
max
x∈(0,1)
(
(1 + θ)q−3|κθx |2
)
ds + C(1 + Θ(q−3)++2γ1 + Θγ1+5 + Θq+5). (2.18)
It is clear from (2.18) that we still need to deal with the (1 + θ)q−3|κθx |2 term. For this
purpose, we observe from (2.15) that
∣∣(κθx)x∣∣2 = (ρeθθt + ρueθθx + θpθux − λu2x − μ|wx |2 − ν|bx |2)2.
Multiplying this by (1+θ)q−3 and integrating the resulting equation over (0,1)× (0, t) to obtain
t∫
0
1∫
0
(1 + θ)q−3∣∣(κθx)x∣∣2 dx ds
=
t∫
0
1∫
0
(1 + θ)q−3(ρeθθt + ρueθθx + θpθux − λu2x − μ|wx |2 − ν|bx |2)2 dx ds
 C
t∫
0
1∫
0
[
(1 + θ)q+3(θ2t + θ2x u2)+ (1 + θ)q+5u2x
+ (1 + θ)q−3(u4x + |wx |4 + |bx |4)]dx ds. (2.19)
By Sobolev inequality as well as Lemmas 2.1, 2.6 and 2.3, we easily see that
t∫
0
1∫
0
(1 + θ)q+3θ2x u2 dx ds  C max
t∈(0,T )
∥∥u(t)∥∥2
L∞
t∫
0
1∫
0
(1 + θ)q+3θ2x dx ds  C
(
1 + Θγ1+5),
t∫ 1∫
(1 + θ)q+5u2x dx ds  C
(
1 + Θq+5)
t∫ 1∫
u2x dx ds  C
(
1 + Θq+5),0 0 0 0
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t∫
0
1∫
0
(1 + θ)q−3(u4x + |wx |4 + |bx |4)dx ds  C(1 + Θ(q−3)++2γ1).
Hence, inserting these estimates into (2.19), we get
t∫
0
1∫
0
(1 + θ)q−3∣∣(κθx)x∣∣2 dx ds
 C
t∫
0
1∫
0
(1 + θ)q+3θ2t dx ds + C
(
1 + Θ(q−3)++2γ1 + Θγ1+5 + Θq+5). (2.20)
Multiplying (2.18) by (C + 1) and adding the resulting inequality to (2.20), we arrive at
1∫
0
(1 + θ)2qθ2x dx +
t∫
0
1∫
0
(1 + θ)q+3θ2t dx ds +
t∫
0
1∫
0
(1 + θ)q−3∣∣(κθx)x∣∣2 dx ds
 C
t∫
0
max
x∈(0,1)
(
(1 + θ)q−3|κθx |2
)
ds + C(1 + Θ(q−3)++2γ1 + Θγ1+5 + Θq+5). (2.21)
On the other hand, since
max
x∈(0,1)
|κθx |2  C
1∫
0
|κθx |
∣∣(κθx)x∣∣dx,
the first term on the right-hand side of (2.21) can be bounded as follows, using Cauchy–Schwarz
inequality and Lemma 2.1:
C
t∫
0
max
x∈(0,1)
(
(1 + θ)q−3|κθx |2
)
ds
 C
(
1 + Θ(q−3)+)
t∫
0
1∫
0
|κθx |
∣∣(κθx)x∣∣dx ds
 1
2
t∫
0
1∫
0
(1 + θ)q−3∣∣(κθx)x∣∣2 dx ds + C(1 + Θ2(q−3)+)
t∫
0
1∫
0
(1 + θ)q+3θ2x dx ds
 1
2
t∫ 1∫
(1 + θ)q−3∣∣(κθx)x∣∣2 dx ds + C(1 + Θ2(q−3)++5),0 0
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1∫
0
(1 + θ)2qθ2x dx +
t∫
0
1∫
0
(1 + θ)q+3θ2t dx ds +
t∫
0
1∫
0
(1 + θ)q−3∣∣(κθx)x∣∣2 dx ds
C
(
1 + Θ2γ1+(q−3)+ + Θγ1+5 + Θq+5 + Θ5+2(q−3)+) C(1 + Θγ ), (2.22)
where γ1 := max{4, (8 − q)+} and
γ := max{2γ1 + (q − 3)+, γ1 + 5, q + 5,5 + 2(q − 3)+}.
Using Hölder inequality and recalling the fact that ‖θ‖L∞(0,T ;L4)  C, it is easy to see that
for any t ∈ (0, T ),
∥∥θ(t)∥∥q+3
L∞ 
( 1∫
0
θ dx
)q+3
+ (q + 3)
1∫
0
θq+2|θx |dx
 C
[
1 +
( 1∫
0
θ4 dx
)1/2( 1∫
0
θ2qθ2x dx
)1/2]
 C
[
1 +
( 1∫
0
θ2qθ2x dx
)1/2]
,
which, combined with (2.22), yields
Θ2(q+3)  C
(
1 + Θγ ).
It is easy to verify that γ < 2(q + 3) if q > 5/2. Therefore, by virtue of Young inequality, one
has Θ  C, i.e., θ(x, t) C for any (x, t) ∈ QT , which together with (2.22) and Lemmas 2.5–2.6
completes the proof of Lemma 2.7. 
Applying the previous lemmas, we can obtain further estimates on (u,w,b).
Lemma 2.8. For any t ∈ (0, T ), we have
1∫
0
(∣∣(ut ,wt ,bt )∣∣2 + ∣∣(uxx,wxx,bxx)∣∣2)dx +
t∫
0
1∫
0
∣∣(uxt ,wxt ,bxt )∣∣2 dx dt  C.
Proof. Firstly, by virtue of Sobolev inequality, we have from Lemmas 2.6–2.7 that∥∥(u,w,b)∥∥
L∞(0,T ;L∞)  C,
∥∥(ux,wx,bx)∥∥L2(0,T ;L∞)  C, (2.23)
and by Lemmas 2.2, 2.4 and 2.7, we infer from (1.6)1 that for any t ∈ (0, T ),
1∫
ρ2t dx  2
1∫ (
ρ2u2x + ρ2xu2
)
dx  C, (2.24)0 0
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sup
t∈(0,T )
1∫
0
ψ2xt dx C. (2.25)
Differentiating (1.6)2, (1.6)3, (1.6)4 with respect to t , we have by using (1.6)1 that
ρutt + ρuuxt − λuxxt = (ρu)x(ut + uux) − ρuxut −
(
p + |b|2/2)
xt
+ ρψxt + ρtψx,
ρwt t + ρuwxt − μwxxt = (ρu)x(wt + uwx) − ρutwx + bxt ,
bt t − νbxxt = −(ub − w)xt .
Multiplying the above three equations by ut , wt and bt , respectively, integrating by parts with
respect to x over (0,1), and then summing them up, we obtain
1
2
d
dt
1∫
0
(
ρu2t + ρ|wt |2 + |bt |2
)
dx +
1∫
0
(
λu2xt + μ|wxt |2 + ν|bxt |2
)
dx
=
1∫
0
((
p + |b|2/2)
t
uxt − btwxt + (ub − w)tbxt
)
dx +
1∫
0
(ρψxt + ρtψx)ut dx
−
1∫
0
ρ
(
uxu
2
t + utwxwt
)
dx −
1∫
0
ρu
(
u2t + uuxut + |wt |2 + uwxwt
)
x
dx. (2.26)
By Lemmas 2.2, 2.7 and (2.23), (2.24), we deduce that, using Cauchy–Schwarz inequality:
1∫
0
((
p + |b|2/2)
t
uxt − btwxt + (ub − w)tbxt
)
dx
 C−1
[
1 +
1∫
0
(
ρu2t + ρ|wt |2 + |bt |2 + θ2t
)
dx
]
+ 
1∫
0
(
u2xt + |wxt |2 + |bxt |2
)
dx. (2.27)
By virtue of Lemma 2.2 and using Cauchy–Schwarz inequality again, it follows from (2.12),
(2.24) and (2.25) that
1∫
0
(ρψxt + ρtψx)ut dx −
1∫
0
ρ
(
uxu
2
t + utwxwt
)
dx
 C
[
1 + (1 + ∥∥ux(t)∥∥L∞ + ∥∥wx(t)∥∥L∞) ·
1∫
ρ
(
u2t + |wt |2
)
dx
]
. (2.28)0
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−
1∫
0
ρu
(
u2t + uuxut + |wt |2 + uwxwt
)
x
dx
= −
1∫
0
ρu
(
2utuxt + u2xut + uuxxut + uuxuxt
+ 2wtwxt + uxwxwt + uwxxwt + uwxwxt
)
dx
 
1∫
0
(
u2xt + |wxt |2
)
dx + C
1∫
0
(
u2xx + |wxx |2
)
dx + C−1
1∫
0
ρ
(
u2t + |wt |2
)
dx
+ C−1(∥∥ux(t)∥∥2L∞ + ∥∥wx(t)∥∥2L∞) ·
1∫
0
ρ
(
u2t + |wt |2
)
dx + C−1. (2.29)
Substituting (2.27)–(2.29) into (2.26) and choosing  sufficiently small, one gets
d
dt
1∫
0
(
ρu2t + ρ|wt |2 + |bt |2
)
dx +
1∫
0
(
u2xt + |wxt |2 + |bxt |2
)
dx
C
[
1 +
1∫
0
(
u2xx + |wxx |2 + θ2t
)
dx
+ (1 + ∥∥(ux,wx)(t)∥∥2L∞) ·
1∫
0
(
ρu2t + ρ|wt |2 + |bt |2
)
dx
]
.
Therefore, by Lemmas 2.2, 2.6, 2.7 and (2.23) as well as Gronwall’s lemma, we conclude
from the above inequality that for any t ∈ (0, T ),
1∫
0
(
u2t + |wt |2 + |bt |2
)
dx +
t∫
0
1∫
0
(
u2xt + |wxt |2 + |bxt |2
)
dx ds  C,
which, combined with the equations in (1.6)2–(1.6)4 and the previous lemmas, immediately leads
to the desired estimates in Lemma 2.8. 
With the help of the a priori estimates established above, we now can prove the positive lower
bound of the temperature θ .
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θ(x, t) C for any (x, t) ∈ (0,1) × (0, T ).
Proof. This lemma can be proved in the standard way based on the comparison principle. Indeed,
noting that ρeθ > 0, we deduce from (2.15) that θ satisfies
θt + uθx + uxpθ
ρeθ
θ = 1
ρeθ
(κθx)x + λu
2
x + μ|wx |2 + ν|bx |2
ρeθ
 1
ρeθ
(κθx)x.
In view of Lemmas 2.2, 2.8 and the fact that pθ/eθ  C, one gets that there exists a positive
constant C∗ such that
∥∥∥∥uxpθρeθ
∥∥∥∥
L∞(0,T ;L∞)
C∗.
Now, if we define a parabolic operator
L (f ) := ∂f
∂t
+ u∂f
∂x
+ uxpθ
ρeθ
f − 1
ρeθ
∂
∂x
(
κ
∂f
∂x
)
and choose a compared function
θ˜ (x, t) = inf
x∈(0,1) θ0(x) · exp{−Kt} with a constant K  C
∗,
then we obtain after a straightforward calculation that
{
L (θ) 0, L (θ˜ ) 0,
θ |t=0  θ˜ |t=0, θx |x=0,1 = θ˜x |x=0,1 = 0.
Hence, by the standard comparison arguments, we claim that for any (x, t) ∈ (0,1) × (0, T ),
θ(x, t) θ˜ (x, t), i.e., θ(x, t) inf
x∈(0,1) θ0(x) · exp{−Kt} > 0.
This proves Lemma 2.9. 
To complete the a priori estimates, we now give the estimates on second derivatives of θ .
Lemma 2.10.
sup
t∈(0,T )
1∫
0
(
θ2xx + θ2t
)
dx +
T∫
0
1∫
0
θ2xt dx ds C.
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∥∥(ux,wx,bx)∥∥L∞(0,T ;L∞)  C. (2.30)
Differentiation of (2.15) with respect to t gives
(ρeθ θt )t + (ρueθθx)t + (θpθux)t = (κθx)xt +
(
λu2x + μ|wx |2 + ν|bx |2
)
t
,
which, multiplied by (ρeθ θt ) and integrated over (0,1) × (0, t), leads to
R := 1
2
1∫
0
(ρeθθt )
2 dx +
t∫
0
1∫
0
ρeθκθ
2
xt dx ds −
1
2
1∫
0
(ρeθ θt )
2 dx
∣∣∣
t=0
=
t∫
0
1∫
0
ρeθθt
[(
λu2x + μ|wx |2 + ν|bx |2
)
t
− (ρueθθx + θpθux)t
]
dx ds
−
t∫
0
1∫
0
[
κθxt (ρeθ )xθt +
(
ρeθθxt + (ρeθ )xθt
)
κt θx
]
dx ds :=
3∑
i=1
Li. (2.31)
In view of (2.23), (2.24), (2.30) and Lemmas 2.2, 2.7–2.9, the terms in (2.31) can be bounded
as follows, using Cauchy–Schwarz inequality:
R := 1
2
1∫
0
(ρeθθt )
2 dx +
t∫
0
1∫
0
ρeθκθ
2
xt dx ds −
1
2
1∫
0
(ρeθθt )
2 dx
∣∣∣
t=0
 C−1
( 1∫
0
θ2t dx +
t∫
0
1∫
0
θ2xt dx ds
)
− C,
L1 :=
t∫
0
1∫
0
ρeθθt
(
λu2x + μ|wx |2 + ν|bx |2
)
t
dx ds
=
t∫
0
1∫
0
2ρeθθt (λuxuxt + μwxwxt + νbxbxt ) dx ds
 C
[
1 + max
t∈(0,T )
∥∥(ux,wx,bx)(t)∥∥2L∞ ·
t∫
0
1∫
0
θ2t dx ds
]
C,
L2 :=
t∫ 1∫
ρeθθt (ρueθθx + θpθux)t dx ds
0 0
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∣∣∣∣∣
t∫
0
1∫
0
ρeθθt
(
ρueθθxt + θx
[
u(ρeθ )ρρt + u(ρeθ )θ θt + ρeθut
])
dx ds
∣∣∣∣∣
+
∣∣∣∣∣
t∫
0
1∫
0
ρeθθt
(
θpθuxt + (θpθ )ρρtux + (θpθ )θ θtux
)
dx ds
∣∣∣∣∣
 
t∫
0
1∫
0
θ2xt dx ds + C−1
(
1 +
t∫
0
1∫
0
θ2x θ
2
t dx ds
)
,
L3 :=
t∫
0
1∫
0
(
κθxt (ρeθ )xθt +
[
ρeθθxt + (ρeθ )xθt
]
κt θx
)
dx ds
=
t∫
0
1∫
0
(
κθxt θt
[
(ρeθ )ρρx + (ρeθ )θ θx
]+ ρeθθxt θx(κρρt + κθθt ))dx ds
+
t∫
0
1∫
0
θt θx(κρρt + κθθt )
[
(ρeθ )ρρx + (ρeθ )θ θx
]
dx ds
 
t∫
0
1∫
0
θ2xt dx ds + C−1
t∫
0
1∫
0
(
θ2x θ
2
t + θ2t ρ2x + θ2x ρ2t
)
dx ds.
Substituting the above estimates into (2.31) and taking  sufficiently small, we have by (2.24),
Lemmas 2.4 and 2.7 that
1∫
0
θ2t dx +
t∫
0
1∫
0
θ2xt dx ds  C
[
1 +
t∫
0
1∫
0
(
θ2t
(
θ2x + ρ2x
)+ θ2x ρ2t )dx ds
]
 C
[
1 +
t∫
0
(∥∥θt (s)∥∥2L∞ + ∥∥θx(s)∥∥2L∞)ds
]
. (2.32)
Clearly, Eq. (2.15), together with the previous lemmas, also implies that
1∫
0
θ2xx dx C
(
1 +
1∫
0
(
θ2t + ρ2xθ2x + θ4x
)
dx
)
 C
(
1 +
1∫
0
θ2t dx +
∥∥θx(t)∥∥2L∞
)
C
(
1 +
1∫
θ2t dx +
1∫
θxθxx dx
)
 1
2
1∫
θ2xx dx + C
(
1 +
1∫
θ2t dx
)
,0 0 0 0
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1∫
0
(
θ2t + θ2xx
)
dx +
t∫
0
1∫
0
θ2xt dx ds  C
[
1 +
t∫
0
(∥∥θt (s)∥∥2L∞ + ∥∥θx(s)∥∥2L∞)ds
]
. (2.33)
On the other hand, since
∥∥θt (s)∥∥2L∞ 
1∫
0
θ2t dx + 2
1∫
0
|θt ||θxt |dx  
1∫
0
θ2xt dx + C−1
1∫
0
θ2t dx,
∥∥θx(s)∥∥2L∞ 
1∫
0
θ2x dx + 2
1∫
0
|θx ||θxx |dx  
1∫
0
θ2xx dx + C−1
1∫
0
θ2x dx,
so that, we can take  appropriately small and use Lemma 2.7 to deduce from (2.33) that for any
t ∈ (0, T ),
1∫
0
(
θ2t + θ2xx
)
dx +
t∫
0
1∫
0
θ2xt dx ds C
(
1 +
t∫
0
1∫
0
θ2xx dx ds
)
.
This, together with Gronwall’s lemma, immediately yields Lemma 2.10. 
By the global a priori estimates established in Lemmas 2.1–2.10, we can prove the main
theorem in a standard way. Indeed, by Lemmas 2.8 and 2.10 we obtain
(u,w,b, θ) ∈ (C1,0(QT ))6.
Applying Hölder, Cauchy–Schwarz and Sobolev inequalities subsequently, we have
∣∣ux(x1, t) − ux(x2, t)∣∣
( x2∫
x1
u2xx dx
)1/2
|x2 − x1|1/2  C|x2 − x1|1/2,
∣∣u(x, t1) − u(x, t2)∣∣
( t2∫
t1
u2t dt
)1/2
|t2 − t1|1/2

[ t2∫
t1
1∫
0
(
u2t + u2xt
)
dx dt
]1/2
|t2 − t1|1/2  C|t2 − t1|1/2,
which, combined with Lemma 2.8, imply that
ux ∈ C1/2,0(QT ) and u ∈ C0,1/2(QT ).
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x+d∫
x
∣∣ux(ξ, t2) − ux(ξ, t1)∣∣dξ 
t2∫
t1
x+d∫
x
|uxt |dξ dt

( t2∫
t1
x+d∫
x
u2xt dξ dt
)1/2
|t2 − t1|3/4  C|t2 − t1|3/4,
from which we infer that there exists an x∗ ∈ (x, x + d) such that
∣∣ux(x∗, t2) − ux(x∗, t1)∣∣ C|t2 − t1|1/4,
and hence, we have for any x, y ∈ (0,1),
∣∣ux(x, t2) − ux(y, t1)∣∣ ∣∣ux(x, t2) − ux(x∗, t2)∣∣+ ∣∣ux(x∗, t2) − ux(x∗, t1)∣∣
+ ∣∣ux(x∗, t1) − ux(y, t1)∣∣
C
(|x − y|1/2 + |t2 − t1|1/4),
which immediately implies that
ux ∈ C1/2,1/4(QT ).
In the same manner as above, by virtue of Lemmas 2.8 and 2.10, we have
(u,w,b, θ) ∈ (C1,1/2(QT ))6 and (ux,wx,bx, θx) ∈ (C1/2,1/4(QT ))6,
and by Lemma 2.4, (2.24) and the fact that ψxx,ψxt ∈ L∞(0, T ;L2), we also have
(ρ,ψx) ∈
(
C1/2,1/4(QT )
)2
.
Now, by applying the classical theory in [18] on parabolic equations and the results in [19],
we obtain the desired Hölder continuity of the solutions indicated in Theorem 1.1, and hence, the
existence of classical solutions to problem (1.6), (1.7) and (1.11) is thus proved. The uniqueness
and stability of solution in the class given in Theorem 1.1 can be established in a quite standard
way. This completes the proof of Theorem 1.1.
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